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Abstract. In this article, we determine the structure of the p-primary sub- 
group of the cuspidal rational torsion subgroup of the Jacobian Ji(p n ) of the 
modular curve X\(p n ) for a regular prime p. 



1. Introduction and statements of results 

Let r be a congruence subgroup of SL(2, 1). The modular curve X(T) and its 
Jacobian variety J(r) are very important objects in number theory. For instance, 
the problem of determining all possible structures of (Q-)rational torsion subgroup 
of elliptic curves over Q is equivalent to that of determining whether the modular 
curves X\{N) have non-cuspidal rational points. Also, the celebrated theorem of 
Wiles and others shows that every elliptic curve over Q is a factor of the Jacobian 
Jq(N). In the present article, we are concerned with the arithmetic aspect of the 
Jacobian variety Ji(iV) of the modular curve X±(N). In particular, we will study 
the structure of the (Q-)rational torsion subgroup of J%(N). 

Recall that the modular curve X\ (N) possesses a model over Q on which the cusp 

00 is a (Q-)rational point. (See [ITJ Chapter 6] for details.) Thus, if P is another 
rational cusp, then the image of P under the cuspidal embedding ioo : X\(N) 
J\{N) sending P to the divisor class [(P) — (oo)] will be a rational point on Ji(N). 
Moreover, according to a result of Manin and Drinfeld [9], the point ioo(P) is of 
finite order. In other words, the rational torsion subgroup of Ji(N) contains a 
subgroup generated by the image of rational cusps under i^, which we will refer to 
as the cuspidal rational torsion subgroup of J±(N). In general, it is believed that the 
cuspidal rational torsion subgroup should be the whole rational torsion subgroup. 
(For primes p, the conjecture was formally stated in [TJ Conjecture 6.2.2]. The 
conjecture was verified for a few cases in the same paper.) Note that for the case 
Jo(p), the Jacobian of X (p) of prime level p, Mazur [TUl Theorem 1] has already 
shown that all rational torsion points are generated by the divisor class [(0) — (oo)]. 

On the aforementioned model of X\(N), all the cusps of type k/N with (k, N) = 

1 are rational over Q. (See, for example, [HI Theorem 1.3.1].) Moreover, if the 
level N is relatively prime to 6, then these cusps are the only rational cusps. Since 
these cusps are precisely those lying over oo of Xq(N), for convenience, we shall 
call them the oo- cusps. Now suppose that we are given a divisor D of degree on 
Xi(N) supported on the oo-cusps. Then the order of the divisor class [D] in Ji(N) 
is simply the smallest positive integer m such that mD is a principal divisor, that 
is, the divisor of a modular function on X\(N). Therefore, to determine the group 
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structure of the cuspidal rational torsion subgroup of Ji(iV), it is vital to study 
the group of modular units on Xi(N) having divisors supported on the oo-cusps. 
(In literature, if a modular function / on a congruence subgroup T has a divisor 
supported on cusps, then / is called a modular unit.) 

In a series of papers [2l [H [5j [6l [7] , Kubert and Lang studied the group of modular 
units on X(N) and Xi(N). For the curves Xi(N), they Chapter 3] showed that 
all modular units on X\(N) with divisors supported on the oo-cusps are products 
of a certain class of Siegel functions. (See Section I3TT1 for details.) Furthermore, in 
[7] they also determined the order of the torsion subgroup of Ji(p n ) generated by 
the oo-cusps for the case p is a prime greater than 3. (The case N — p was first 
obtained in [2].) Then Yu [16] gave a formula for all positive integers N. (Note that 
all the results mentioned above dealt with modular units with divisors supported on 
the cusps lying over of Xq(N), instead of the oo-cusps, but it is easy to translate 
the results using the Atkin-Lehner involution ~q)-) 

In a very recent paper [15j . we applied Yu's divisor class number formula to 
determine an explicit basis for the group of modular units on X\ (TV) with divisors 
supported on the oo-cusps for any positive integer N . As applications, we used the 
basis to compute the group structure of the cuspidal rational torsion subgroup of 
J\{N). A remarkable discovery is that when p is a regular prime, the structure of 
the p-primary subgroup of the cuspidal rational torsion subgroup of J\{j> n ) seems 
to follow a simple pattern. (Recall that an odd prime p is said to be regular 
if p does not divide the numerators of the Bernoulli numbers B%, B±, . . . , B p ^, or 
equivalently, if p does not divide the class number of the cyclotomic field Q(e 27 ™/ p ).) 

More precisely, let p be a prime, n be a positive integer, and < ^ 1 00 (p n ) be the 
subgroup of Ji{p n ) generated by the oo-cusps. Consider the cndomorphism [p] : 
( &\°(jp n ) — * c tf£ c (p n ) defined by multiplication by p. Define the p-rank of < rp£°(p n ) 
to be the integer k such that the kernel of [p] has p k elements. 

Conjecture (Yang |15j). Assume that p is a regular prime. Then the p-rank of 
■rf°(p n ) is 

for prime power p n > 8 with n > 2. More precisely, the number of copies ofZ/p 2k 1i 
in the primary decomposition of c ££ (p n ) is 

(\(p - \f p n - k - 2 - i, ifp = 2andk<n-3, 

J Vfp n ~ k - 2 - 1, ifp>3andk<n-2, 

i (p — 5) , if p > 5 and k = n — 1 , 

0, else. 

and the number of copies of Z/p 2k ~ 1 Z is 

1, if p = 2 and k < n — 3, 
1, if p = 3 and k < n — 2, 
1) if P > 5 and k < n — 1, 
0, else. 

Example. For the primes p = 2, 3, 5, the above conjecture asserts that the 
p-parts of ^^°(p n ) follow the pattern depicted in Table [1] Here the notation 
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Table 1. p-primary part of < ^ 1 00 (j> n ) 



V 


p-primary subgroups 


2 4 


(2) 


2 5 


(2)(2 2 )(2 3 ) 


96 
z 


l 2 Jl 2 ) \ Z )\ l )( Z ) 


2 7 


(2)(2 2 ) 7 (2 3 )(2 4 ) 3 (2 5 )(2 6 )(2 7 ) 


3 3 


(3)(3 2 ) 


3 4 


(3)(3 2 ) 5 (3 3 )(3 4 ) 


3 5 


(3)(3 2 ) 17 (3 3 )(3 4 ) 5 (3 5 )(3 6 ) 


3 6 


(3)(3 2 ) 53 (3 3 )(3 4 ) 17 (3 5 )(3 6 ) 5 (3 7 )(3 8 ) 


5 2 


(5) 


5 3 


(5)(5 2 ) 7 (5 3 ) 


5 4 


(5)(5 2 ) 39 (5 3 )(5 4 ) 7 (5 5 ) 


5 5 


(5)(5 2 ) 199 (5 3 )(5 4 ) 39 (5 5 )(5 6 ) 7 (5 7 ) 



(p ei ) ni . . . (p e *=) n * means that the primary decomposition of ^-^(p™) contains nt 
copies of Z/p ei Z. 

The main purpose of the present article is to prove this conjecture. 

Theorem 1. The conjecture is true. 

We note that the assumption that p is a regular prime is crucial in the proof of 
Theorem [TJ This assumption is used to establish an exact formula for the p-rank of 
c t?^ a (p n ) and to determine the kernel of the homomorphism ( ^' 1 00 (p") — > < ^ , 1 00 (p™~ 1 ) 
induced from the covering Xi(p n ) — * Xi(p n ^ 1 ). At present, we do not know how 
to extend our method to the case of irregular primes. 

On the other hand, it is possible to obtain a similar result for modular curves 
Xi{p n q m ), where q is another prime, under the assumption that the product 

X 

of generalized Bernoulli numbers B^. x associated with even Dirichlet characters x 
modulo pq m is a p-unit. For example, following the argument in the present paper, 
we can show that the 2-primary subgroup of the torsion subgroup of Ji(3 • 2") 
generated by the oo-cusps is isomorphic to 

n-2 

rj(z/2 2fe z) 2 "~ fc " 2 . 

fe=i 

However, we will not pursue in this direction here because it does not constitute 
a significant extension of Theorem [T] and the proof of some key lemmas in these 
cases is much more complicated than the prime power cases. (For instance, it takes 
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more than one page just to describe the basis for the group of modular units on 

Xi(p"g m ).) 

The rest of the article is organized as follows. In Section^ we describe our strat- 
egy in proving Theorem [TJ We will show that Theorem [T] will follow immediately 
from five properties of the divisor groups, namely, Propositions [T] [5l In Section [3l 
we review our basis for the group of modular units on Xi(N), which constitutes the 
cornerstone of our argument. In Section 01 we study the natural maps between the 
cuspidal groups in different levels. We then give the proof of the five propositions 
in Section [5] 

2. Outline of proof of Theorem Q] 

In this section, we will first collect all the notations and conventions used through- 
out the paper. We then describe our strategy in proving Theorem[T] Our arguments 
depend crucially on our explicit knowledge about the basis for the group of modular 
units on X\(N), which will be reviewed in Section l3~2l 

2.1. Notations and conventions. Let p be a prime. We fix an integer a that 
generates (Z/p n+1 Z) x / ± 1 for all integers n > 0. Explicitly, for p — 2, we choose 
a = 3, and for an odd prime p, we let a be an integer that generates (Z/pZ) x , but 
satisfies a p_1 ^ 1 mod p 2 . For n > 0, we define 

X n = the modular curve Xi(p n+1 ), 

C n = the set of cusps of X n lying over oo of X (p n+1 ), i.e., the set of oo-cusps, 
4> n = \C n \ = <t>(p n + 1 )/2=p n (p-l)/2, 
P Ujk = the cusp a k /p n+1 in C n , 
2l n = the group of divisors of degree on X n having support on C n , 

= the group of modular units on X n having divisors supported on C n , 
^ n = div & n , the subgroup of principal divisors on X n having support on C n , 
c i n = S^n/^n, the rational torsion subgroup of Ji(p n+1 ) generated by C n , 
7r„ = the canonical homomorphism from St n to S> n -i induced from the covering 
X n — > X n —\. 

L n = the embedding 2 n -i — * &n defined by t n (P) = p Q. 

Q: tt„(Q)=P 

Note that P n ,k and P n ,m represent the same cusp on X n if and only if k = m 
mod 4> n - Then we have C n = {P n ,k '■ k = 0, . . . , <f) n — 1}, and 

p-i 

7Tn(Pn,fc) = P n -l,k> <-n(Pn-l,k) = Pn.k+hfn-!- 

Since we are mainly interested in the orders of a function at the oo-cusps, for a 
modular function / on X n , we introduce the notation div°° denoting the C n -part 

div 00 /- Yl 0Td f( P ) P 

Pec n 

of the divisor of /. 
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Finally, the generalized Bernoulli number Bk, x associated with a Dirichlet char- 
acter x modulo N, not necessarily primitive, are defined by the series 



r=l fc=0 



JV N / 9 

r^ r 1 

N 2 ~ TV + 6 



In particular, we have 

r—l r—1 

Here B^ix) — {x} 2 — {x} + 1/6 and {x} denotes the fractional part of a real 
number x. The readers should be mindful that our definition differs from some 
other authors' definition. See the remark following Theorem [Dl for details. 

2.2. Outline of proof of Theorem [TJ In this section, we will describe our strat- 
egy in proving Theorem [JJ 

Intuitively, just by looking at Table [TJ one immediately realizes that if the con- 
jecture is to hold, then the p-primary subgroup of ^/ker[p 2 ] must have the same 
structure as that of ^f n -i, where [p 2 ] denotes the multiplication- by-p 2 homomor- 
phism for an additive group, and one expects that there should be a canonical iso- 
morphism between the p-primary subgroups of the two groups. The only sensible 
candidate for such an isomorphism is the one induced by the covering X n — > X n —\, 
To establish this isomorphism, we first show that ir n induces an isomorphism be- 
tween the p-part of ^„ = S n j ' ^ n and that of 7r n (^ n )/7r n (^ a n ) = ^n-i/fnO^n)- 
We then show that the kernel of [p 2 ] of the latter group is ^„_i/7r„(^ i „), and 
thereby establish the isomorphism. The following diagram illustrate the relations 
between various groups. 



I ker[p 2 

^„/ker[p 2 



p-part i 

/ ker[p 2 



p-part 



Now assume that the isomorphism between the p-parts of ( if n /ker[p ] and 



-l 



is established. This would show that if the p-part of is Y\{X/p ei 'L) ri , then 

the p-part of is (Z/pZ) Sl x (Z/p 2 Z) S2 x fl(Z/p e * +2 Z) r * for some non-negative 
integers s\ and S2- If we can determine thep-ranks of ^ n _i and ^ and the index of 
TTn(^n) in ^„_i, this will yield information about S1+S2 and Si + 2s2, respectively, 
which in turn will give us the exact values of s\ and s 2 - Finally, if we know the 
structure of "^o (^1 for p — 3 and ^2 for P — 2), then the structure of the p-primary 
subgroup of is determined for all n. 

In summary, to establish Theorem [TJ it suffices to prove the following proposi- 
tions. 

Proposition 1. If p is a regular prime, then p does not divide Also, if 

p = 2, 3, then p\ |^|, and if p = 2, then p\\ c € 2 \- 

Proposition 2. Let p he a regular prime. If p n+1 > 5, then the p-rank of ^ is 
p n - l (p- l)/2- 1. 
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Proposition 3. For all primes p, we have TT n (^ > n ) C ^ n _i ; and the index of 
TT n (3P n ) in 2? n -\ is pp (P" 1 ) -3 ifp n+1 > 5. Moreover, the structure of the factor 
group .^ rl -i/7T n (,^„) is 

(z/p > zy n ~ 1 <p- i v 2 - 3 x (z/pz). 

Proposition 4. Assume thatp is a regular prime. Then thep-part of& n = $> n / ' & n 
is isomorphic to thep-part of S) n -i/-K n {3^ n ). 

Proposition 5. Let p be a prime. Then the kernel of the multiplication-by-p 2 
endomorphism [p 2 ] of 2$ n -i/n n (3 g n) is ^ n -i/^ n {^ > n). 

Remark. We remark that the assumption that p is a regular prime is crucial in 
the proof of Propositions [TJ [2j and [4] In fact, the assumption is a necessary and 
sufficient condition for the three propositions. For example, by carefully examining 
the proof of Proposition [21 one sees that if p is an irregular prime, then the p-rank 
of ^„ is strictly greater than p n ^ 1 (p — l)/2 — 1. 

Note also that Propositions[T]and[5]together imply that when p is a regular prime, 
the p-part of 1f n / ker[p 2 ] is isomorphic to that of In terms of Jacobians, the 

p-part of %i corresponds to the rational p-power-torsion subgroup of Ji(p" +1 ). So 
what these two propositions really say is that when p is a regular prime, the kernel 
of the canonical homomorphism tt : J\(p n+1 ) — > Ji(p n ) agrees with the kernel 
of [p 2 ] : Ji(p n+1 ) — > Ji{p n+1 ) on the cuspidal rational p-power-torsion part of 
Ji(p n+1 ), that is, on the cuspidal part, 

(p-power torsion) n ker7r = (p-power torsion) fl ker[p ]. 

Note that p 2 is exactly the degree of the covering X n — * X n -i. Naturally, one 
wonders whether it is still the case when p is an irregular prime. We do not know 
the answer to this question. 

The proof of these propositions will be postponed until Section [5j Here let us 
formally complete the proof of Theorem [TJ assuming the truth of the propositions. 

Proof of Theorem^ By Propositions [T] and [5j when p is a regular prime, 
p-part of ^„/ker[p 2 ] ~ p-part of (^ n _i/7r„(<^„))/ker[p 2 ] 

= p-part of (^_i/7r„(5» n )) / (& n -i/* n {& n )) 

~ p-part Of ^n-l/^n-l = %i-l, 

Thus, if the structure of the p-part of is 

k 

H(z/p ei zp, 
»=i 

then according to the structure theorem for finite abelian groups, the structure of 
the p-part of ^ n is 

fe 

(z/ P z) si x {z/p 2 zy 2 x Y[(z/p e ' +2 zy> 
»=i 

for some non-negative integers si and S2- Here the sum of r$ is what we call the 
p-rank of and the sum of si, S2, and is the p-rank of Using Proposition 
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[2j we find the integers si and S2 satisfy 

(1) Sl + S2 = i^- 2 ( P -f) 2 . 

On the other hand, by Propositions [3] and [4] we know that 

p-part of |^„|/K_i| = \& n -iM& n )\ = pP"" 1 ^- 1 )- 3 , 

which, together with Proposition [2 implies that 

Sl + 2,s 2 - - 1) - 3) - 2(p"- 2 (p - l)/2 - 1) - p"- 2 (p - l) 2 - 1. 

Combining this with (JTJ) , we get si = 1 and s 2 = p n ~ 2 (p — l) 2 /2 — 1. Finally, 
Proposition Q] shows that the p-part of (Xi for p = 3 and ^2 for P = 2) is trivial. 
Then an induction argument gives the claimed result. □ 

3. Group of modular units on X\(N) 

In this section, we will introduce our basis for the group J? n , which is essential in 
our proof of Theorem [TJ The construction of our basis utilizes the Siegel functions. 

3.1. Siegel functions. The Siegel functions are usually defined as products of the 
Klein forms and the Dedekind eta function. For our purpose, we only need to know 
that they have the following infinite product representation. 

For a pair of rational numbers (01,02) S Q 2 \Z 2 and r G H, set z = a\T + 02, 
q T = e 2mT , and q z = e 2mz . Then the Siegel function G(ai,a a )( r ) satisfies 

00 

G (ai .a 2 ){r) = - e 2^(« 1 -l)/2 g B (ai )/2 ( l _ qz) TJ(1 _ q n qz){1 _ 

n=l 

where B(x) — x 2 — x+l/6 is the second Bernoulli polynomial. To construct modular 
units on Xi(N) with divisors supported on the oo-cusps, we consider a special class 
of Siegel functions. 

Given a positive integer N and an integer a not congruent to modulo N, we 

set 

00 

Ei N \r) = - G[a/Nfi) (Nr) = q™W*W JJ (1 - g M*+«) (l - <f , 

71=1 

where q = e 27r4T . If the integer N is clear from the context, we will write E a in 
place of . 

We now review the properties of E a . The material is mainly taken from [14j . 
For more details, see op. cit. In the first lemma, we describe two simple, but yet 
very important relations between Siegel functions of two different levels. 

Lemma 6. Let M and N be two positive integer. Assume that N = nM for some 
integer n. Let a be an integer not congruent to modulo N . Then 

(2) £7W(r) = 4 M) («r). 
Moreover, we have for all integers a with < a < M , 

(3) /f>(^)=M B2 (-y, 

fc=0 v ' 



s 



YIFAN YANG AND JENG-DAW YU 



and consequently 

n-l 

(4) n^ffl + .w=^w- 

k=0 



Proof. Relation @ follows trivially from the definition of Eg . Property ([3]) can 
be verified by a direct computation. Relation (|4|) is an immediate consequence of 
© and the definition of E ( a N) . □ 

The next lemma gives the transformation law for E a under the action of matrices 
in r (JV). 

Lemma 7 ([14] Corollary 2]). For integers g not congruent to modulo N, the 
functions E g satisfy 

(5) Eg + N = E_g = -Eg. 

Moreover, let 7 = € To(N). We have, for c = 0, 

E g (T + b) = e mbNB ^E g (T), 

and, for c > 0, 

(6) E g ( 1T ) = e(a, bN, c, d)e^ 2ab ' N ^ E ag {r), 
where 

r e -(w(i- c 2 )+ C («+d-3))/6 ) i fcisoddi 

e( °' } " {_ ie «(-(l-^) +d (6-c + 3))/6 ) i/d - s orfd 

Remark. Note that Property (J5]) implies that there are only \(N — 1)/2] essentially 
distinct _E g , indexed over the set (Z/iVZ)/ ± 1 — {0}. Hence, a product or a 
sum ^ g is understood to be running over g 6 (Z/iVZ) x / ± f . 

The functions clearly have no poles nor zeros in the upper half-plane. The 
next lemma describes the order of E g at cusps of X\(N), 

Lemma 8 ( [141 Lemma 2]). The order of the function E g at a cusp a/c of X\{N) 
with (a,c) = 1 is (c,N)B 2 (ag/(c,N))/2, where B 2 {x) = {x} 2 - {x} + 1/6 and {x\ 
denotes the fractional part of a real number x. 

The following theorem of Yu [16] characterizes the modular units on X\ (N) with 
divisors supported at the co-cusps in terms of E g . 

Theorem A ([16, Theorem 4]). Let N be a positive integer. A modular function 
f on Ti(N) has a divisor supported on the cusps k/N, (k,N) = 1, if and only if 
f = Y[ g Eg 9 with the exponents e g satisfying the two conditions 



(7) ^ 5 2 e ff = mod 

g 
and 

(8) E e s 

g=±a mod N/p 

for all prime factors p of N and all integers a. 



N, if N is odd, 
2N, if N is even, 



CUSPIDAL RATIONAL TORSION SUBGROUP OF Ji(p") 



9 



We remark that, again, Theorem 4 of [16] was stated in the setting of modular 
units with divisor supported on the 0-cusps, i.e., the cusps lying over of Xo(N). 
Here we use the Atkin-Lehner involution ( ^ ~ 1 ) to get Theorem [A] from Yu's 
result. 



3.2. Basis for We now describe our basis for ^ n constructed in [15] . The 
case of an odd prime p and the case of p = 2 are stated in Theorems |B] and ICl 
respectively. 

Theorem B ([T5l Theorem 2]). Let n > and N = p n+1 be an odd prime power. 
For a non-negative integer I, we set <\>n = <j>(p i+1 )/2. Let a be a generator of the 
cyclic group (Z/p n+1 Z) x / ± 1, and (3 be an integer such that a/3 = 1 mod p. Then 
a basis for ZP n modulo C x is given by 



E i- 



fl% ) - 1 (p"T) 



n-l + I,- 

1 + 1,... 
1,... 



1. 



Theorem C ([T51 Theorem 3]). Let n>2 and N = 2 n+1 . Let a = 3 be a generator 
of the cyclic group (Z/2 n+1 Z) x / ± 1. For i > 1, set <f> t = (f>{2 e+1 )/2 = 2 { - 1 . Then 
a basis for J^"„ modulo C x is given by 

E -i--L E i+<4- . A A 1 

= !,•••, <Pn - </>71-l - 1, 



-1 a r /+<t>„-l 

E a i E i+$ n _ 1 -i 



.x(2r)' 



£ W_ i(2 „-2 r) 
^(8) (2 „-2 r) ' 



4>n - 4>n-l + 1, • 



1. 



On-2, 



The proof of these two theorems use the following divisor class number formula 
of Kubert, Lang, and Yu, which will also be used in the present paper. Note that 
the cases p > 5 were proved in [7], while the cases p = 2, 3 were settled in [16]. In 
the same paper [16j . Yu also obtained a divisor class number formula for general 
N, although the general result is not needed in the present article. 

Theorem D ([7, Theorem 3.4] and [TBI Theorem 5]). Let N = p n+1 be a prime 
power greater than 4. We have the divisor class number formula 

(9) ^ 1 



P 



Hp) 



n 



2,X> 



x¥=Xo even 
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where 

\p n - 1 -2n + 2, if N — p n and p is odd, 
I 2"" 1 -2n+3, ifN = 2 n >8, 
and the product runs over all even non-principal Dirichlet characters modulo p n+1 . 



MP) 



Remark. We should remark that the definition of generalized Bernoulli numbers 
used in [7] and [16j is different from ours. Namely, if an even Dirichlet character x 
modulo N has a conductor /, then their definition is given by 



r=l k=0 

where Xf is the Dirichlet character modulo / that induces x- When N is a prime 
power p n and x is n °t principal, the two definitions differ by a 1/2 factor. 

Moreover, the readers are reminded that there were slight errors in the original 
statement of [16] Theorem 5]. See the discussion following Theorem A of [15] for 
details. 

4. Properties of 7r„ and l„ 

Throughout the section, we will follow the notations specified in Section 12.11 
The main results in this section are Lemmas [TT] and I15[ which state that 7r„ maps 
a principal divisor to a principal divisor, and that if i n (D) is a principal divisor, 
then D itself is principal. In addition, in Lemma [T2l we will prove the converse to 
Lemma 1151 that is, if D is a principal divisor in S> n -i, then i n {D) is a principal 
divisor. 

The first lemma is rather trivial, but it plays a crucial role in the proof of 
Proposition 

Lemma 9. We have 

(10) 7T„ o Ln = [p 2 ], 

the multiplication-by-p 2 endomorphism of 2> n -\ 

Proof. Obvious. □ 

(p" +1 ) 

In the next lemma we compute the image of the divisor of Eg under 7r„. 
Here we recall that the notation div°° / means the C„-part of the divisor of /. 

Lemma 10. Let g be an integer. For g ^ mod p n+1 , we have 

^ \d^Ef\ ifp\g, 



Proof. By Lemma [8] we have 



/div°°E<y, if p\g. 



Recall that Tr n (P n ,k) — ftn(Pn,h) if and only if h = k mod 4>n-i- Thus 



k=0 h=0 



pn+1 
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Now assume that p does not divide <?, then as h goes through to p — 1, the residue 
classes of ga k+h ^ n - 1 modulo p n+1 go through ga k ,ga k +p n , ■ ■ ■ ,ga k + (p — l)p n . 
Hence, by ([3]) in Lemma [SJ we find 



k=a 



p" 



When p\g, all ga k+h( l'- n - 1 are congruent to ga k modulo p n+1 . Therefore, we have 



7r n (div £^ J)=^._ ^ #2 I — JP n _i )fe =pdiv 

k=0 \ P / 



(p") 
ff/p 



This proves the lemma. 



□ 



Lemma 11. Assume n > 1. //I? is a principal divisor in S> n , then n n (D) is a 
principal divisor in 2l n -\. 

More precisely, if fi, i = 1, . . . , <t> n — 1, is i/ie feasis /or J^ n given in Theorem W\ 
then for p > 3 we have 



0, 



i = l,. 



7r„(div/i) = < 



div 



l,...,(j) n 



»n-2, 



i = <p n 



■ ^_ 1 (p™- 1 r)" 



div 



E<* t >(p»-1 T )P 2 ' 



»n — Wr J-j • • • > S»n 



, ■ ■ ■ .9»n - 9>0, 

1, . . . , c6 „ - 1. 



^4 similar result also holds for p = 2. 

Proof. Here we prove the case p is an odd prime; the proof of the case p = 2 is 
similar, and is omitted. 

We first show that 7T„(div/j) = for i = 1, . . . , <j> n — <f> n -i- By Lemma PTUl we 
have 



7r„(div°° ElC } ) = div°° Eg_\ , n n (div°° E^'J^) = div°° 
However, since a^" _1 = 1 mod p n , we have E^X = ±E < " p i+ \ n _ 1 _ 1 . It follows that 

7r n (div/,) = 7r n (div°° /,;) = 7r n (div°° E^ / E^L-i) = 

for i = 1, ...,(j> n - 4> n -i- 

For i = <f> n - (p n _i + l,...,(f> n - 4> n - 2 , we have, by ©, 

U = e^\( P t)/eICI_ 2 -Apt) = e^XtVe^I^t). 

By Lemma [TOl 

E { fMrf 



oo P (P" + 1 ) 



7r n (div/i) = 7r„(div°° /*) = div° 
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Using the criteria given in Theorem [A] we find the last function is in ^ n -\ and 

E { a p 2(rr 2 



7r„(div/i) = div 



This proves the case i = <j} n — 4> n -i + 1, ...,(f> n — ^n—i- The remaining cases 
i = 4> n — 4> n -2 + 1) • • • ) <t>n ~ 1 can be proved in the same way. This gives us the 
lemma. □ 

In the next few lemmas, we will establish the fact that D G 2> n -i is principal if 
and only if L n (D) G @n is principal. 

Lemma 12. If D is a principal divisor in ^ n _-y, then t n (D) is a principal divisor 
in $! n . 

Proof. Let /* be one of the functions in the basis of & n -\ given in Theorem [B] (or 
Theorem [Cl if p = 2). Define /(r) = f*(pr). From the explicit description of the 
basis, we see that /(t) is either one or a product of the functions appearing in our 
basis for & n . We now show that div / = 

Assume /*(r) = Eg '(r) e f. For a cusp a k /p n+1 G C„, we choose a matrix 

CT = (p"" 1 d) in r o(P™ +1 )- Thcn we have 
Using Lemma [71 we find 

^")( P ar)=e^; ) (pr) 
for some root of unity e, and consequently the order of Eg (pr) at a k /p n+1 is 

which is the same asp times the order of Eg (r) at a k jp n . From this, we conclude 
that div / = i„(div/*). This proves the lemma. □ 

The proof of the converse statement is more difficult. It relics on the next two 
lemmas. 

Lemma 13. Let N > 4 be an integer, m — <j>(N)/2, and a%, 1 < i < m, be the 
integers in the range 1 < ai < N/2 such that (aj,iV) = 1. Let M be the m x m 
matrix whose (i, j) -entry is NP>2(a,iaJ /N)/2, where aj denotes the multiplicative 
inverse of aj modulo N. Then we have 



dot M = Y[\b 2 , x ^0, 



4 

x 



where \ funs over all even characters modulo N . 
Proof. The proof of 

detM = Y[ jB 2 - 



4 

x 
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can be found in |15[ Lemma 7], and will not be repeated here. To see why the 
determinant is non-zero, we observe that, by a straightforward computation, 

(11) B 2)Xo = ~(l-p)^0, 

where xo is the principal character. Also, Theorem [D] in particular implies that 

n b *x * °- 

x/Xo even 

Therefore, we conclude that detM ^ 0. □ 

Lemma 14. Assume p n+1 > 5. Assume that f(r) — LJ E g p \r) e s is a modular 
unitin^n, where g S (Z/p™ +1 Z) x /±l. Suppose that for each integer k , the orders 
of /(t) at a k + h <t>n-i jp n + l take the same values for all h = 0, . . . ,p — 1. Then we 
have e g = for all g satisfying p\ g. 

Proof. By LemmalU if p\g, then the orders of E g at a k+h<t> n -i /p n+1 , h = 0, . . . ,p— 1, 
are all p n+1 B 2 (a k (g/p)/p n )/2. Therefore, if /(r) = ]J g ^ p " +1) (r) e = has the same 
order at a k + h <t>^-i jp^ 1 for all /i = 0, ... ,p — 1 for any fixed k, then the partial 
product Wpi^g Eg 9 also has the same property. Now given k, let us assume that the 
order of Y\p\ g E g 3 at a k+h ' l ' n - 1 /p n+1 is A. Then we have, by Lemma [3 

^ p n + l / g^Wn-. X 

ft=0pf9,9<P" +1 /2 V 7 

Then by ([3]) in Lemma [6l we have 



2^ ^T/^'+hP 



Ptfl 9<P"/2,pts ^=0 

Now since /(r) is assumed to be in JP^, by Theorem El we have X)fc=o e g+hp n = 
for all Therefore, we have A = 0. This is true for all a k /p n+1 . In other words, 
we have 

9 <p"+i/2,pt9 V 7 

for all fc. Now write g = a 3 and consider the square matrix whose (j, fc)-entry 
is E>2(ct 3+k ~ 2 1 p n+1 ) . By Lemma 1131 the determinant of this matrix is non-zero. 
Therefore, all e g , p\ g, are equal to 0. This completes the proof. □ 

With the above lemmas, we are now ready to prove the converse to Lemma [T2"l 

Lemma 15. Assume that p is a prime and n > 1 is an integer such that p n > 5. 
Let D be a divisor in $> n -\. If L n (D) £ @ n is principal, then D is a principal 
divisor in 3t n -i- 

Proof. Let 

k=0 
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Assume that i n {D) is principal. That is, assume that there exists a function f(r) 
U g E g pn+1) '{ T Y S € & n such that 

div/=_p ^2 E 71fcjP "> fe +'^'- 1 - 
k=a h-o 



In other words, we have 



p n+l / k+htn-tS 

^ Eg 2 \ P n + l ) =pnk 



2 

9 

for all h for a given fc. Since t> n (D) has the same order at a + v™* 1 /p n+1 f or a n 
/j = 0, . . . ,p — 1 for a fixed k, we have e g = whenever p { g by Lemma [T4l Thus, 
we have 

p|fl 

which in turn implies that the function 

p\g 

satisfies div/* = D. It remains to show that /* is a modular unit contained in 
^n-i, i.e., that /* satisfies conditions (JT]) and {8| of Theorem IA1 
Since / G J£„, by Theorem [X[ the exponents e g satisfy 

E e * = ° 

g=±ap mod p 71 

for all a. The same exponents e g then satisfy 

E e s = °. 

g: g/p=zna mod p 71- 1 

which is condition © for the level N — p n . It remains to consider condition (JT]). 
Observe that t n (D) is a multiple of p, whence we have 

pis 

for all fc. We first consider the cases p > 3. Setting fc = in (fT2")> . we have 
Y,e g (g 2 -9P n+1 ) = modp"+ 2 , 

p|9 

or equivalently, 

5> s ( 5 /p) 2 ^0 modp". 
p|s 

In other words, /* satisfies the quadratic condition ([7]) of Theorem [A"l This settles 
the cases p > 3. 

For p = 2, lO with fc = yields 

5> s ( ff 2 -2" +1 . 9 ) = mod2"+ 3 , 
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i.e., 

]>> s ((. 9 /2) 2 -2"( 5 /2))^0 mod2" +1 . 

2|s 

Partition the sum J2 g e g(g/ 2 ) into tw0 P arts E g =o mod 4 and S g =2 mod 4- For tlic 
terms with i\g, we clearly have 

X e g (g/2) = mod 2. 

g=0 mod 4 

For the terms with g = 2 mod 4, we have 

XI e s(.9/ 2 ) = H e ff mod 2 - 

g=2 mod 4 g=2 mod 4 

Since e g satisfy condition (jHJ) for AT = 2 ,l+1 , we must have 

E e * = °- 

g=2 mod 4 

Therefore, 

^e g (.g/2) = mod 2. 

2|s 

It follows that 

J2 e g ( 9 /2) 2 = ((5/2) 2 " 2 n (<?/2)) = mod 2" +1 , 

2|g 2|g 

which is ([7]) for AT = 2™. This proves the case p = 2, and the proof of the lemma is 
complete. □ 

From Lemmas [12] and 1151 we immediately get the following corollary. 

Corollary 16. The homomorphism L n induces an embedding t* : ^-l — ► % given 
by t* n {[D\) = [i n (D)}. 

5. Proof of Propositions 
5.1. Proof of Proposition [TJ 

Lemma 17. Let p > 3 be an odd prime. Let lu be a generator of the group of 
Dirichlet characters modulo p. Then we have the congruence 

. (p-l)/2-2 
(p-l)/2-l I -TJ 5 2 i +2 



1 mod 3, if P = 3, 



where B 2u) 2i are the generalized Bernoulli numbers and £?2i+2 are Bernoulli num- 
bers. 

Proof. The case p = 3 can be verified directly. We now assume that p > 5. 

Since the product is a rational number, we may regard uj as the Teichmiiller 
character uj : Z* — * [i v -\ from Z* to the group of (p — l)-st roots of unity in 
Z p characterized by w{a) = a mod p for all a € Z*. It is well-known that for 
2i =/= p — 3, B 2 , u 2i is contained in Z p and satisfies 

o _ B 2 i+2 , 

Bi^i = — — mod p. 
i + 1 
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(For a proof, follow the argument in [T3l Corollary 5.15].) Also, for 2i = p — 3, we 
have 

p— l p— l p— l 

pB 2 ^p-3 = w~ 2 (a)(a 2 — pa + p 2 /6) = cl>~ 2 (a)a 2 = 1 = — 1 mod p. 

a—1 a—1 a—1 

Then the lemma follows. □ 



Proof of Proposition^ The cases p — 2,3 can be easily seen from the fact that the 
modular curves A"i(8) and X±(9) have genus zero. Now assume p > 5. By Theorem 
iDl the order of the divisor group is 



(P"3)/2 



i=l 



Using Lemma [T7l we obtain 

1*1— rff'ifTT modf> ' 



(p-5)/2 



By the assumption that p is a regular prime, none of -B4, . . . , S p _3 is divisible by 
p. Therefore, p does not divide |^o|- D 



5.2. Proof of Proposition [2j Among the five propositions, this proposition is 
perhaps the most complicated to prove. 

Recall that given a free Z-modulc A of finite rank r with basis {ai, . . . , a r } and 
a submodule A' generated by bi,...,b s with 6; = X} r i?' a j> the standard method 
to determine the group structure of A/ A' is to compute the Smith normal form 
of the matrix (ry). Then the p-rank of the group A/ A' is simply the number of 
diagonals in the Smith normal form that are divisible by p. Thus, in order to prove 
Proposition^ we need to know very precisely the linear dependence over F p among 
the divisors of modular units generating j£"„ . In the first two lemmas, we will show 
that the divisors of the first <p n — 4> n -i functions in the basis for & n are linearly 
independent over F p . 

Lemma 18. Let p be a prime and n > 1 be an integer such that p n+1 > 5. Let a 
be a generator of (Z/p" +1 Z) x / ± 1. Let /j, i = 1, . . . , <f> n — 1, be the basis for & n 
given in Theorem [3| or Theorem [3 Let M = (rriij ) be the square matrix of size 
4>n — 4>n-i such that mij is the order of fi at the cusp a° /p n+ . Then we have 

det M = ep Y[ -B 2 , x , 

X even primitive 

where \ runs over all even primitive Dirichlet characters modulo p n+1 and t is 
either 1 or —I. 
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Proof. Let A = (aij) be the <j) n x (f> n 
which is the order of E„i-i at P, 



n,j-l 



(I -I ••• 
I -I ... 



matrix with Oij = p n+1 B 2 {a l+j - 2 /p n+1 )/2, 
= a>- x lv n+1 . Define 

\ 



I -I 
I -I 
... / 1) 



where the matrix consists of p 2 blocks, each of which is of size 4>n-i x 4>n-ii an d 
/ is the identity matrix of dimension <j) n -\. Let f3 be an integer such that af3 = 1 
mod p. Set also 



V 2 



where the identity matrix at the lower right corner has dimension 4> n -i- Then for 
i = 1, ...,4> n — 4> n —i, the (i,j)-entry of the matrix V2V1A is the order of fi at 
P n ,j-i, while for i = 4> n - <^„_ 1 +l,...,cf> n , the (i, j)-entry of V 2 ViA is 



/l 


-/3 2 ••• 




..A 





1 -/3 2 • • ■ 








1 


-P 2 










p 





u 








1) 



p 



n+1 



p-1 

h=Q 



By in Lemma |H1 this is equal to 
(13) 



P -B 2 
2 



P 



Observe that B 2 (a i+ ^ 2 /p n ) = B 2 (a i+ ^ +k "^ n - 1 - 2 /p n ) for all integers k. That is, 
V 2 V\A takes the form 



/ \ 

order of /, at a 3 1 /p n+1 



V2V1A 



for i = 1 



1 • ■ ■ j 



\A' A' 



• • A' A'/ 



where A' is a square matrix of size 4> n -i whose («,j)-entry is given by (|13|) . 
Now let 

// I\ 

/ / 



Ui = 




\0 



/ I 

I J 



18 



YIFAN YANG AND JENG-DAW YU 



and consider V 2 V\AUi. For i = 1, . . . , <f> n — <j) n - 
the (i, j)-entry of V2V1AU1 is 

p-i 



1 and j = 



hi - (Pn-l 



L i ■ ■ ■ 1 fn, 



^ (order of/, at P„,j+^ n _ 1 _i). 



h=0 



By Lemma ITT| this sum is equal to 0. In other words, 



V 2 V 1 AU 1 = 



M 



\ 




where M is the 



-1 x 



••• A' pA'J 
_i) matrix specified in the lemma. This 



shows that 

det(V 2 ViAUi) = p — 1 (det M) (det ,4')- 
On the other hand, we have, by Lemma [TBI 

detA = ± J] jB 2tX , detA'=± J] -B 2 . 



X mod p n +^ 



X mod p n 



Also, 



det Vi = p*"- 1 , det V 2 = p, det U x = 1 
Combining everything, we conclude that 

detM = ±p TJ \b 3 J n \b 2 , x = ± p 



X mod p n + 1 

as claimed in the lemma. 



X mod p 71 



n 

X even primitive mod p n + 1 



-B 



□ 



Here we give an example to exemplify the above argument. 

Example. Consider the case p = 3 and n — 2. We choose a 
With the notations as above, we have 



2 and (3 



-1. 



/ 191 143 
/ 143 



.4 



1 

108 



121 \ 



59 -61 -109 23 -97 -37 

59 -61 -109 23 -97 -37 -121 191 

59 -61 -109 23 -97 -37 -121 191 143 

-61 -109 23 -97 -37 -121 191 143 59 

-109 23 -97 -37 -121 191 143 59 -61 

23 -97 -37 -121 191 143 59 -61 -109 

-97 -37 -121 191 143 59 -61 -109 23 

\ -37 -121 191 143 59 -61 -109 23 -97 

\-121 191 143 59 -61 -109 23 -97 -37 



where the (i,j)-entry is 27B 2 (2 i+ ^ 2 /27)/2, 



(\ 



V 2 



\ 

\ 



-1 

-1 
1 













-1 
1 













-1 
1 








0\ 
\ 









-10 

3 

10 

10/ 

1' 



10 


-1 














\ 


10 





-1 











\ 


1 








-1 














1 








-1 














1 








-1 














1 










10 


1 








1 





V 


10 





1 








1 




1 








1 
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Then 



V2V1A = 



/ 
I 2 



V 



2 

1-24 
1-2 4-1 
1-24-10 
-2 4-10 -4 
4 -8 -5 -5 7 
a b c a b 
b c a b c 
c a b c a 



1-24-10-4 
-1 
-4 
-4 
2 
7 1 



a 



a 



-4 \ 
2 
2 

1 

1 -2 
b c 
cat 

n h ' 



a = 11/36 = 9B 2 (l/9)/2, 
6 = -1/36 = 9B 2 (2/9)/2, 
c= -13/36 = 9B 2 (4/9)/2. 



Here the first 6 rows are the orders of 

E\E\\ E2E5 E4E10 



E2ES E\E\\ Eg,E§ E\\E 



E^E-j E\\E\z 
E 5 E 7 



10 



E 3 13 



at the cusps 2 J 1 /27. The matrices l/i and V2V1AU1 then are 

/lOOOOOlOOv 

/oioooooiox 
001000001 



Ui = 



/ 
/ 2 



000100100 
000010010 
000001001 
000000100 
Voooooooio/ 

v 0000000 l 7 



V 2 V 1 AU 1 = 



1 -2 4 N 
-2 4 -1 \ 



V 



2 
1 

1-2 4-10 000 
1-24-10-40 

-24-10-40 000 

4 -8 -5 -5 7 7 

c 3a 3b 3c 

a 36 3c 3a 

b 3c 3a 3b ' 



a 



a 



a 



We find 



detM = 




10-40 
5 -5 7 7 



n 



1 



-B- 



2,X- 



= -5833 = -3 

X even primitive mod 27 

Lemma 19. Let p be a regular prime and n > 1 be an integer. Then we have 
p II \ B ^x = 1 mod p ' 

X even primitive 

where the product runs over all even primitive Dirichlet characters modulo p n+1 . 
Proof. First of all, for any non-trivial even Dirichlet character \ we have 



v 

E 

o=l 



X(a) = 



and 



P 1 P „n+l P 

E = ^ E M«) + - a - «)) = V E *(°) = °- 



a=l 

Thus, 
(14) 



a=l 



a=l 



2,X=P 



n+1 



E (^+2 - ^TT + e j *(°) = ^TT E x(°)° 2 - 



Now we consider the case p is an odd regular prime first. 

Fix a generator a of the multiplicative group (Z/p n+1 Z) x . For a non-negative 
integer to, write r(m) = [a m /p n+1 \ and s(m) = a m /p n+1 — r(m). We have 



p n+L s{ m y = 



a 2m 
r,n+l 



2a m r{m)+p n+1 r(m) 



20 YIFAN YANG AND JENG-DAW YU 

Therefore, if a is the integer in the range < a < p n+1 such that a m = a mod p n+1 , 
then 

2 2m 

(15) - = -2a"V(m) + p^r{mf 

is an integer. Denote this integer by S(m). Then by Q14p , we may write 

B ^x = 37+Tl]x(a)a 2 

F a=l 

p"(p-l)-l p"(p-l)-l 

P m=0 m=0 

i_ a 2p"( P -l) P"(^l)-1 

(16) = — r- r^r+ y x(a m )^M- 

Note that the number (l—a 2pn ( p ~ 1 * > )/p n+1 is an integer. Therefore, (1— Y(a)a 2 ).B 2 , x 
is an algebraic integer. 

Let u> and 9 denote the Dirichlet characters satisfying 

uj(a) = C P -i, 0(a) = C P », 

respectively, where ( m — e 27 "/ m . Set Xij — u 2% Qi . Then the set of even primitive 
Dirichlet character modulo p n+1 is precisely 

{ Xij = u 2i V : < i < (p - l)/2, < j < p n , p \ j}. 

From p6p . we have, for all j not divisible by p, 

(1 - uj 2l {a)a 2 )B 2 .^ - (1 - XjJ (a)a 2 )5 2 , Xlj 

= (l-^ 2 »a 2 ) ^ c, 2 > m )<S(m)-(l- XlJ (a)a 2 ) £ X«(a m )5(m) 

m— m— 

p™(p-i)-i 

= (l-u 2l {a)a 2 ) ^(« ra ^H(l-^(« m )) 

m=0 

p"(p-l)-l 

- ^ 2l (a)a 2 (l - 0»'(a)) £ x y (a ro )<5(m) 
= mod 1 — Cp" ■ 

(Note that when i = 0, uj° = xo is principal, and (fT4|) does not hold in this case. 
However, the difference is p n times a p-unit, and the above congruence still holds.) 
In other words, 

p" _ t 

II C 1 - X« («)a 2 )S 2 , Xl3 = ((1 - c^(a)a 2 )B 2 ^) p " (p " 1} mod 1 - 
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It follows that 

(p-l)/2-l p" 

n (i-x(«)« 2 )s 2 ,x= n n t 1 -^^)^*, 

X even primitive i— j — l,p\j 

(P-D/2-1 NP-^P-D 

11 (1 - cj 2l (a)a 2 )£ 2iW2l mod 1 - C P - • 

Now consider the product in the last expression. We have 

(p-l)/2-l 

J] {l-L0 2l {a)a 2 ) = l-a p -\ 

i=0 

Since a is a generator for (Z/p n Z) x for all n, we have 1 — a p_1 = pu for some 
integer u relatively prime to p. Also, according to (| 1 1 [) and Lemma flTl we have 

(p-l)/2-2 

/ >■>: > 

mod p, if p > 5, 



(p-l)/2-l 1 _1 -pj g 2t+2 

/- n { ° , ' • 1 



'-1, ifp = 3 

By the assumption that p is a regular prime, this product is relatively prime to p. 
Therefore, we have 

(p-d/2-1 y- 1 

11 {l-w 2l {a)a 2 )B 2 ^A =1 modp, 
j=o J 

and consequently 

Y[ (l-x(a)« 2 )£ 2 , x = 1 modl-C P - 

X even primitive 

Since the product is a rational integer, the congruence actually holds modulo p. 
Finally, because a is a generator of (Z/p n Z) x for all n, there exists an integer u 
relatively prime to p such that a p = 1 — up k+1 mod p k+2 for all k > 0. Thus, 

nl — n-P"^ 1 ) im n+1 + • • • 

(1 - x(«)« 2 ) = „ r, n = — — = P mod P 2 - 

v AW ; 1 - aP—Mp-i) U p n -\ y 1 

X even primitive 

From this we conclude that 



n 7 s 2,x = 1 m ° d 



P 11 4 

X even primitive 

This completes the proof of the case p is an odd regular prime. 

Now consider the case p = 2 with n > 2. Choose a = 3 to be a generator of 
(Z/2 n+1 Z) x / ± 1. Set C = e 27ri / 2 " _1 , and let 6» be the Dirichlet character satisfying 
6( — 1) = 1 and 0(3) = £. Then the set of even primitive Dirichlet characters modulo 
2" +1 is 

{V : 1< j<2»-\ 2fj}. 

Since is even, we have 

-B 2ej = V &>(a)B- z . 

ae(Z/2'*+ 1 Z) x /±l 
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By a similar calculation as before, we find that if 9 J is not principal, then 

1 

2^+2 



aG(Z/2"+ 1 Z)x/±l 

Now for a non- negative integer m, define 

2 «+i 

as in (fTS)) . Following the computation in (fT!)|) , we get 



o2m r 

ff(m) = -^Tr + 2 n+1 ^ - 
v ' 2™+ 



i lo2" 0(2" + 1 )/2-l 

4^- 2^(l-9^) + 2 E 

Now we have 3 2 " = (1 + 8) 2 "" 1 = 1 + 2™+ 2 mod 2"+ 3 . Also, from $Fb$, we see that 
S(m) is always even. Thus, (1 — 9C j )£?2,0j /4 is an algebraic integer. By the same 
argument as before, we find 

1-9 1 - 9C J 

-^—B 2 , X0 - — B 2 , gj = mod 1 - C, 

for all odd j and thus 



II 1_9X(3) 

in primitive 

Finally, as (fT7|) . we have 



[] L —f^B 2 . x ^l mod 2. 

X even primitive 



[] (1 - 9x(3)) = 2 mod 4. 

X even primitive 

This proves the case p = 2. □ 

Proof of Proposition^ Let a be a generator of (Z/p n+1 Z) x / ± 1. Specifically, for 
p = 2, we set a = 3, and for an odd prime p, we let a be an integer such that 
a generates (Z/pZ) x , but ^ 1 mod p 2 . Let i = 1, ...,<p n — 1, be the 

generators of J£>i given in Theorem [B] or Theorem [Cl Let M be the (4> n — 1) x 0„ 
matrix whose (i, j)-entry is the order of fi at a?~ 1 /p n+l . Let U and be the 
unimodular matrices such that M' = U MV is in the Smith normal form. That is, 
if M' = {rriij), then 

(1) m\\\m 22 \ ■ • ■ , and 

(2) rriij = if i ^ j. 

(ma ^ for all i since the rank of M is <j) n — 1.) Then the p-rank of ^„ is equal 
to the number of mu that are divisible by p. In other words, if we consider M as 
a matrix over ¥ p , then our p-rank is actually equal to 

<j) n — 1 — (the rank of M over F p ). 

We now determine the rank of M over ¥ p . 

From Lemmas llSl andfT^l we know that the first <p n — <p n -i rows of M are linearly 

independent over ¥ p . Thus, the rank of M over F p is at least </>„ — n _i = — 

l) 2 /2. It remains to prove that the remaining rows are all linearly dependent of 

the first <f> n — <fin—i rows modulo p. 

We first consider row 4> n — 4> n -i + 1 to row 4> n — 4>q. (For p — 2, consider row 
— (fin—l F 1 to row (f) n — <j> 2 .) Let I be an integer between 1 and n — 1. (For p = 2, 
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let 1 < I < n — 3.) By Theorems IB1 and [Cl for i from </>„ — <\> n -i + 1 to <p n — (f> n -e-i, 
the ith row of M is the divisor of the function 

which by Lemma [SJ is 

(18) p ' — £ r ~ B2 ( ^ )) p - fc - 

Now qA 1 -'- 1 = —(1 + up n ^ t ) mod for some integer u not divisible by p. 

(For p = 2, we have cA-'- 1 = 1 + 2"~ £ mod 2 n ~ e+1 instead when n - I > 3.) 
Then a straightforward calculation gives 

-3- (B» (^+T j ~ ^ { pn -l + x ) ) = m odl. 

This shows that if£ > 2, then the divisor of fi for i from </>„ — (f> n ^i + l to — (/>„_^_i 
is divisible by p. For such ^, the rows do not contribute anything to the rank of M 
over F p . 

When £ = 1, the above computation shows that the ith row of M for i from 
<An — 0n-i + 1 to 4> n — (f> n -2 is congruent to 

-^(-^(l.ttV 4 ,...^ 2 *- 2 ) 

modulo p. On the other hand, the (4> n — n _i)-th row of M is the divisor of 

•® Q ,«n-*n_i-l/-^a*»- 1- 

By a similar computation, we find that it is congruent to 

-mq yv v ' (1, a , a , . . . , a *" j. 

From this we sec that row <j) n — (pn—i ~t~ 1 to row ^> n — (j)Q of iVf are all multiples of 
the (4> n — (/> n _i )-th row of M modulo p. 

Finally, for i = (f) n — (f>o + 1, . . . , <j) n — 1, we find that the ith row is congruent to 

modulo p, which again is a multiple of the (<f> n — </>„_i)-th row of M modulo p. 
Therefore, the rank of M over ¥ p is precisely <fi n — <fi n -i- We conclude that the 
p-rank of ^ n is 

<t>n ~ 1 - (<f>n ~ <t>n-l) = <t>n-l ~ 1 = P^ip ~ l)/2 - 1. 

This completes the proof of the proposition. □ 

5.3. Proof of Proposition [3j Let fi, i — 1, . . . , <f> n — 1, denote the basis for ^ n 
given in Theorem IBI or Theorem lO and i = 1, , . . , <f) n -i — 1, the basis for J^" n _i. 
By Lemma HTl we have 

7Tn(div/i) = 

for i = 1, ...,4> n - 4> n -i, and 



(19) 




7r„(div/,Ti n _0„_ 1+ i) x 

7T„(div/0 n _l) 
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where I is the identity matrix of size 4> n -2 ~ 1 and 



(I 


-I3 2 









1 -(3 2 ••• 








1 


-P 2 










1 


-/3 2 


V ■■■ 








P / 



R 



is a square matrix of size <f> n -i — 4>n-2 whose superdiagonals are all — (3 2 and whose 
diagonals are all 1, except for the last one, which has p. Therefore, the index of 

TTni^n) in 5» n _]. is 

,2(*„_i-i)-i _ ^"-Hp-ri-s 



p 



v-l-l)-l =p P" 



The structure of the factor group ^n-i/^ni^n) can be easily seen from the matrix 
above. This completes the proof of the proposition. 



5.4. Proof of Proposition [4j Consider the group homomorphism 

7T I 2> n -> 7T„(^ n )/7r n (^ n ) = ^ n _l/7T n (^„) 

sending D £ 2> n to the coset TT n (D) + 7r„(<f3 2F n ). The homomorphism is clearly onto, 
and the kernel is the group ker7r = £P n + ker7r„. Thus, we have 

^n/(^n + ker7r„) ~ ^„_l/7T B (^ n ). 

Now the group on the left-hand side is isomorphic to 

9 n /(&n + ker^„) ~ (SW/5» n )/((^n + ker7r n )/^ n ). 

Therefore, to prove that the p-part of c € n — 2$ n / 3P n is isomorphic to that of 
^n-i/^ni^n), it suffices to show that the order of (^ n +ker 7r n ) / is not divisible 
by p. 

From the definition of 7r„, it is easy to see that the kernel of 7r„ is generated by 
divisors of the form 

D = P n ,k — fn,fc+0t>-i- 

Let fi, i = 1, . . . , <p n — 1, be the basis for j£"„ given in Theorem [Bl or Theorem [Cl 
If we write D as a linear combination 

D= ndivfi, r, £Q, 
1=1 

of div fi, then the order of D + in the divisor class group ¥? n divides the least 
common multiple of the denominators of . We need to show that this number is 
not divisible by p. 

Wc first prove that 7j = for i = <p n — tfi n -i + 1, • • • , <f>n — L By Lemma ITT| we 
have 

<t> n -i 

(20) o = 7r„(U)= ^ r i7 r„(div/i). 

i=0„— 0„_i+l 
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Let A — ( q " ) be the square matrix of size 4> n -i — 1 in IT9|) . Then we have 



/7T n (div /^„-0„_!+l) N 



\ 7Tn(d 



IV 



p 2 ^ 1 : 



where /', i = 1, . . . , — 1, is the basis for ^" n _i given in Theorem [Bl or Theorem 
[Cl and (|20|) can be written as 

/ div/{ 

v div /;„_!-!, 

Since div f- are linearly independent over Q, we must have 

(*>„-c£„_i+i) ■ ■ ■ ,^„-i)^ _1 = (0, • ■ ■ ,0). 
It follows that r,; = for all i = <f) n — 4> n -i + 1> • • • , 4>n — 1> and 

D= ridiv/j. 

Now, without loss of generality, we may assume that the integer k in D = 
Pn,k — Pn,k+4> n -i satisfies < k < 4> n — 2<j) n -x. (Let b and d be integers such 
that ad — bp n+1 = 1. Notice that if a modular unit /(t) G J^ n has a divisor 
mD for some integer m, then the function /((ar + b)/(p n+1 r + d)) has a divisor 
m(P n>fe _i - -P„,fe+0„_ 1 -i). Thus, P„ jfe - P„,fe+0„_ 1 and P„,fc_i - P„,fc+0„_ 1 -i have 
the same order in the divisor class group ff n .) Let M be the square matrix of size 
4>n — </>n-i whose (i, j)-entry is the order of at P nj _i. Then the order of -D in the 
divisor class group will divide the determinant of the matrix M. By Lemmas [18] 
and [19] and the assumption that p is a regular prime, the determinant of M is not 
divisible by p. This shows that the order of D + 3? n in ^ n is not divisible by p, and 
therefore |(^ n + ker7r„)/J 2, „| is not divisible by p. This proves the proposition. 

5.5. Proof of Proposition [5j By Proposition [3] 3 s n -i/'K n (& n ) is clearly con- 
tained in ker[p 2 ]. Now suppose that D + irn{3?n) € ^n-i/^ni^n) is in the 
kernel of [p 2 ]. We have p 2 D G 7r n (^ n ). With ([Toll , this can be written as 
7r„(i„(L>)) G ^(^j), or equivalently 

t„(-D) G ^„ + ker7r„. 

Let fi, i = 1, . . . , n — 1, be the basis for j£"„ given in Theorem [Bl or Theorem [Cl 
By Lemma ITT| we have div fi G ker ir n for i = 1, . . . , <p n — <fi n -i- Hence, 

4>n-i 

L n (D)= rmdiyfi + D' 

i=<t>n— 0n-l + l 

for some integers rrii and some divisor D' in ker7r„. Now notice that if we define 
an inner product (•, •) on 3> n by 

(c P n ,o + CiP„,i H , doP n ,o + diPn,i H } = c Q d Q + cidi H , 

then for i — <p n — <p n ^i + 1, . . ., <p n — 1, div/j is in the orthogonal complement of 
ker7r„. The same thing is also true for i n (D) for any D G @ n -i- It follows that 
the divisor D' above is actually and we have L n (D) G & n . Finally, by Lemma \15\ 
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the fact that i n {D) is principal implies that D itself is principal. This completes 
the proof of the proposition. 
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